We obtain nontrivial solutions of a (N, q)-Laplacian problem with a critical Trudinger-Moser nonlinearity in a bounded domain. In addition to the usual difficulty of the loss of compactness associated with problems involving critical nonlinearities, this problem lacks a direct sum decomposition suitable for applying the classical linking theorem. We show that every Palais-Smale sequence at a level below a certain energy threshold admits a subsequence that converges weakly to a nontrivial critical point of the variational functional. Then we prove an abstract critical point theorem based on a cohomological index and use it to construct a minimax level below this threshold.
Introduction and main results
The (p, q)-Laplacian operator ∆ p u + ∆ q u = div |∇u| p−2 + |∇u| q−2 ∇u appears in a wide range of applications that include biophysics [12] , plasma physics [25] , reaction-diffusion equations [1, 6] , and models of elementary particles [10, 4, 2] . Consequently, quasilinear elliptic boundary value problems involving this operator have been widely studied in the literature (see, e.g., [3, 16, 23, 15] and the references therein). In particular, the critical (p, q)-Laplacian problem    −∆ p u − ∆ q u = µ |u| r−2 u + |u| p * −2 u in Ω
where Ω is a bounded domain in R N , N > p > q > 1, µ > 0, and p * = N p/(N − p) is the critical Sobolev exponent, has been studied by Li and Zhang [14] in the case 1 < r < q and by Yin and Yang [26] in the case p < r < p * . The borderline case    −∆ p u − ∆ q u = µ |u| q−2 u + λ |u| p−2 u + |u| p * −2 u in Ω u = 0 on ∂Ω
with µ ∈ R and λ > 0 was recently studied in Candito et al. [5] . When N = p ≥ 2, the critical growth is of exponential type and is governed by the Trudinger-Moser inequality sup , ω N −1 is the area of the unit sphere in R N , and N ′ = N/(N − 1) (see Trudinger [24] and Moser [17] where µ ∈ R and λ > 0, which is the object of study of the present paper. In addition to the usual difficulty of the lack of compactness associated with problems involving critical nonlinearities, this problem is further complicated by the absence of a direct sum decomposition suitable for applying the linking theorem when µ is above the second eigenvalue of the eigenvalue problem
(1.4)
To overcome this difficulty, we will first prove an abstract critical point theorem based on a cohomological index that generalizes the classical linking theorem of Rabinowitz [22] . Weak solutions of problem (1.3) coincide with critical points of the C 1 -functional
where
Recall that Φ satisfies the Palais-Smale compactness condition at the level c ∈ R, or (PS) c for short, if every sequence (u j ) ⊂ W 1,N 0 (Ω) such that Φ(u j ) → c and Φ ′ (u j ) → 0, called a (PS) c sequence, has a convergent subsequence. Our existence results will be based on the following proposition.
/N and c = 0, then every (PS) c sequence has a subsequence that converges weakly to a nontrivial critical point of Φ.
be the first eigenvalue of the eigenvalue problem (1.4). First we seek a nonnegative nontrivial solution of problem (1.3) when µ ≤ µ 1 . We assume that q > N/2, so that N < q * = N q/(N − q). Our first main result is the following theorem. Let u ± (x) = max {±u(x), 0} be the positive and negative parts of u, respectively, and set
If u is a critical point of Φ + , then
and hence u − = 0, so u = u + is a critical point of Φ and therefore a nonnegative solution of problem (1.3). Proof of Theorem 1.2 will be based on constructing a minimax level of mountain pass type for Φ + below the threshold level given in Proposition 1.1. Next we seek a (possibly nodal) nontrivial solution of problem (1.3) when µ ≥ µ 1 . We have the following theorem. This extension of Theorem 1.2 is nontrivial. Indeed, the functional Φ does not have the mountain pass geometry when µ ≥ µ 1 since the origin is no longer a local minimizer, and a linking type argument is needed. However, the classical linking theorem cannot be used since the nonlinear operator −∆ q does not have linear eigenspaces. We will use a more general construction based on sublevel sets as in Perera and Szulkin [21] (see also Perera et al. [20, Proposition 3.23] ). Moreover, the standard sequence of eigenvalues of −∆ q based on the genus does not give enough information about the structure of the sublevel sets to carry out this linking construction. Therefore we will use a different sequence of eigenvalues introduced in Perera [19] that is based on a cohomological index.
The Z 2 -cohomological index of Fadell and Rabinowitz [11] is defined as follows. Let W be a Banach space and let A denote the class of symmetric subsets of W \ {0}. For A ∈ A, let A = A/Z 2 be the quotient space of A with each u and −u identified, let f : A → RP ∞ be the classifying map of A, and let f * : H * (RP ∞ ) → H * (A) be the induced homomorphism of the Alexander-Spanier cohomology rings. The cohomological index of A is defined by . Thus, equality holds when the map is an odd homeomorphism; 
The Dirichlet spectrum of −∆ q in Ω consists of those µ ∈ R for which problem (1.4) has a nontrivial solution. Although a complete description of the spectrum is not yet known when N ≥ 2, we can define an increasing and unbounded sequence of eigenvalues via a suitable minimax scheme. The standard scheme based on the genus does not give the index information necessary to prove Theorem 1.3, so we will use the following scheme based on the cohomological index as in Perera [19] . Let
Then eigenvalues of problem (1.4) on S q coincide with critical values of Ψ. We use the standard notation
for the sublevel sets and superlevel sets, respectively. Let F denote the class of symmetric subsets of S q and set
Then 0 < µ 1 < µ 2 ≤ µ 3 ≤ · · · → +∞ is a sequence of eigenvalues of problem (1.4) and
(see Perera et al. [20, Propositions 3 .52 and 3.53]). Proof of Theorem 1.3 will make essential use of (1.7) and will be based on the following abstract critical point theorem, which is of independent interest. Let W be a Banach space, let
be the unit sphere in W , and let
be the radial projection onto S. Theorem 1.5. Let Φ be a C 1 -functional on W and let A 0 , B 0 be disjoint nonempty closed symmetric subsets of S such that
Assume that there exist R > r > 0 and v ∈ S \ A 0 such that
Let Γ = {γ ∈ C(X, W ) : γ(X) is closed and γ| A = id A } and set
and Φ has a (PS) c sequence.
Remark 1.6. Theorem 1.5, which does not require a direct sum decomposition, generalizes the linking theorem of Rabinowitz [22] .
Preliminaries
In this preliminary section we prove Proposition 1.1 and Theorem 1.5.
Lemma 2.1. For all t ∈ R,
where C denotes a generic positive constant.
Proof. Integrating by parts gives
For |t| ≥ (N/N ′ ) 1/N ′ , the last term is greater than or equal to
and hence
Since F is bounded on bounded sets, (2.1) follows. As for (2.2),
Proof of Proposition 1.1. Let 0 = c < α
By (2.3), (2.5), and (2.1),
Since N > q > 1, it follows from this that the sequence (u j ) is bounded in W (Ω), strongly in L s (Ω) for all 1 ≤ s < ∞, and a.e. in Ω. Since Ω |u j | N e |u j | N ′ dx is bounded by (2.5), then for any gives
Since c < α
such that β ∇u j N ≤ 1 for all sufficiently large j. For 1 < γ < ∞ given by 1/α N β N ′ + 1/γ = 1, then
and the last integral is bounded by (1.2). Then
by (2.5) and hence
Proof of Theorem 1.5. First we show that A (homotopically) links B with respect to X in the sense that
If (2.6) does not hold, then there is a map γ ∈ C(X, W \ B) such that γ(X) is closed and
and note that A is closed since A 0 is closed (here (1 − |t|) u + tv = 0 since v is not in the symmetric set A 0 ). Since
is an odd continuous map,
by (i 2 ) and (i 6 ) of Proposition 1.4. Consider the map
which is continuous since γ is the identity on the symmetric set {tu :
where S r = {u ∈ W : u = r}. By (2.7) and (2.8), i(A 0 ) < i(S \ B 0 ), contradicting (1.8).
Hence (2.6) holds. It follows from (2.6) that c ≥ inf Φ(B), and c ≤ sup Φ(X) since id X ∈ Γ. By a standard argument, Φ has a (PS) c sequence (see, e.g., Ghoussoub [13] ).
Remark 2.2. The linking construction in the above proof was used in Perera and Szulkin [21] to obtain nontrivial solutions of p-Laplacian problems with nonlinearities that interact with the spectrum. A similar construction based on the notion of cohomological linking was given in Degiovanni and Lancelotti [8] . See also Perera et al. [20, Proposition 3.23 ].
3 Proof of Theorem 1.2
(Ω) such that u 0 N +N ′ = 1. Since e t ≥ t for all t ≥ 0,
as t → +∞. Take t 0 > 0 so large that Φ + (t 0 u 0 ) ≤ 0, let Proof. By the mountain pass theorem, Φ + has a (PS) c sequence (u j ). An argument similar to that in the proof of Proposition 1.1 shows that a subsequence of (u j ) converges weakly to a nontrivial critical point of Φ + .
We have the following upper bound for c.
Proof. Since γ(s) = st 0 u 0 is a path in Γ and (3.1) holds, c ≤ max
We are now ready to prove Theorem 1.2.
Proof of Theorem 1.2. We apply Lemma 3.1. By (1.6),
and the last integral is bounded for all u ∈ W (Ω) and W 1,q 0 (Ω), respectively, and let
be the radial projections onto S N and S q , respectively. Since µ ≥ µ 1 , µ k ≤ µ < µ k+1 for some k ≥ 1. Then
by (1.7). Set M = u ∈ W 1,q 0 (Ω) : u q = 1 . By Degiovanni and Lancelotti [9, Theorem 2.3], the set π −1 q (Ψ µ k ) ∪ {0} contains a symmetric cone C such that C ∩ M is compact in C 1 (Ω) and
) is a homotopy equivalence by Palais [18, Theorem 17] , so
by (4.1). We apply Theorem 1.5 to our functional Φ defined in (1.5) with
noting that A 0 is compact since C ∩ M is compact and π N is continuous. We have
2), and 
